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Abstract— We propose a model predictive scheme for select-
ing actuators in dynamical systems. In control applications,
selection problems arise due to the high cost associated to
simultaneously using all sensors or actuators in large-scale
systems. Since these problems are NP-hard in general, finding
an optimal solutions is impractical and approximations based
on greedy or convex relaxations are commonly used. In most
approaches, however, the control policy and actuator subsets are
obtained a priori. In this work, we address the online problem
using a model predictive selection (MPS). This iterative proce-
dure inspired by model predictive control methods determines
a near-optimal actuator subset for a finite operation horizon
starting at the current state, applies the first control action
on this subset, and repeats the procedure starting from the
new state. Despite using suboptimal solutions of the selection
problem, we derive conditions that guarantee this procedure
is stable. We illustrate these conditions for the LQR problem
by leveraging the concept of approximate submodularity and
conclude with numerical experiments that showcase the use of
the proposed approach.

I. INTRODUCTION

The study of large-scale systems is inspired by appli-
cations in power transmission, transportation systems, and
biological networks [1]. Due to the large number of possible
actuation points, communication/power constraints, and/or
elevated operation costs, simultaneously acting on all the
inputs of the system becomes impractical. Thus, the control
design process usually includes a step that selects a subset
of actuators used to operate the system. This selection is
typically performed to optimize some control metric, such as
controllability of the linear quadratic regulator (LQR) cost,
so as to reduce the complexity or operation costs without
hindering the control task. In most approaches, actuator
selection is performed offline, before the system begins to
operate [2]–[12]. Here, on the other hand, we are interested in
solving this problem in an online similar to model-predictive
control (MPC).

Model predictive or receding horizon control uses of an
online optimization procedure to design the control policy. At
each iteration, the agent solves an open-loop optimal control
problem starting at the current system state. It then applies
the first action of the resulting control sequence and starts
again by solving a new optimal control problem starting
from the updated state. MPC is an attractive solution to deal
with nonlinear system dynamics, incorporate state and input
constraints, and account for model uncertainty [13]–[15]. It
has been especially successful in the chemical industry [16],

Electrical and Systems Engineering, University of Pennsylvania. email:
{vlima,luizf,aribeiro}@seas.upenn.edu. This work
was supported by ARL DCIST CRA W911NF-17-2-0181.

though it has found applications in a myriad of domains
including transportation systems [17] and power transmission
networks [18].

In this work, we borrow the MPC structure to cast the
actuator selection problem in a recursive fashion. Namely, at
each step the controller seeks an actuators subset that meets
a prescribed budget and a sequence of control actions on this
subset so as to optimize a control performance metric. The
controller then actuate on this subset using the first optimal
control action and repeats the procedure in the next time step
starting at the updated state. From the viewpoint of selection
problems, the main distinction of this approach is the online,
recursive nature of this solution that can help mitigate model
mismatch issues. On the MPC side, the ability of selecing a
subset of actuators may contribute to reducing the operation
cost of a large-scale system.

The paper starts by introducing the model predictive selec-
tion (MPS) problem in Section II. Due to the NP-hardness
of these selection problems, solving them exactly online is
impractical even for moderately large systems. Nevertheless,
near-optimal approximate solutions can be obtained using
low-completely methods such as greedy search. To address
this issue, we analyze the stability of near-optimal MPS
controllers in Section III. We illustrate these results by
obtaining stability conditions for actuator selection in the
context of LQRs by leveraging the approximate supermodu-
larity of their objectives (Section IV). We conclude by pre-
senting numerical experiments to illustrate the performance
of MPS (Section V).

In the following, R and N are the set of real and natural
numbers. Vectors are indicated by lowercase and matrices by
uppercase letters. Positive (semi-) definiteness of a matrix X
is indicated by X > (≥) 0. Upper-case, caligraphic letters
stand for sets and the cardinality of set X is given by |X |.
As usual, ∅ is the empty set.

A. Related literature

Minimal selection problems for control of large-scale
systems consist in finding a minimum number of inputs
or outputs to operate the system while satisfying some
constraints or performance criteria. Many works on the topic
consider the notion of submodular functions, for which
there exist near-optimality bounds for solutions obtained
with greedy algorithms [19]. In [2], for example, the author
studies the minimal placement of actuators so that a linear,
time-invariant system is controllable and shows that this is
a NP-hard problem which can be approximated via greedy
algorithms. In [3] the authors use the smallest eigenvalue



of the controllability Gramian matrix to assess the worst-
case control energy and derive tradeoffs between the control
energy and the number of control inputs, whereas the paper
[4] analyzes the structural controllability problem, with re-
sults later extended to include output selection [5]. Tzoumas
et al discuss in [7] actuator selection problems where the
objective is to minimize the control effort. Papers [8], [9]
treat actuator selection problems for usual control metrics:
the authors show the linear quadratic regulator in determin-
istic or stochastic settings is neither sub- nor supermodular,
but also establish some special conditions under which these
problems can be considered modular. In [10] the authors
extend the discussion to non-submodular control objectives,
including the (negative) trace of the inverse and the minimum
eigenvalue of the controllability Gramian. Chamon et al
discuss in [20] sensor selection for nonsubmodular objec-
tives, relying on multiplicative and additive relaxations of
supermodularity and corresponding approximate optimality
guarantees. The paper [12] relies on convex relaxations and
also uses the trace of the Gramian controllability matrix
as optimization criterion. More recently, paper [11] tackles
the actuator selection problem for systems with additive
and multiplicative uncertainties and time delays. They show
this is equivalent to a selection problem with bounded
submodularity ratio, which yields near-optimality guarantees
[11], [21]. Another recent work on the topic is [22], where
the authors discuss sensor and actuator selection problems
in uncertain cyber-physical systems.

Within the context of a model predictive structure for
input selection, [23] is perhaps the work with motivation
closest to ours. The paper presents a “Model Predictive
Sensor Scheduling” framework for the online scheduling
of sensors for discrete-time, time-varying linear Gaussian
systems. The authors consider, among other problems, the
use of a sensor at each time instant and evaluate a monotone
class of objective functions which includes the trace and
maximal eigenvalue of the error covariance matrix. Here, we
exploit the combinatorial nature of the selection problem and
discuss the stability of approximate solutions for an arbitrary
number of inputs.

II. MODEL PREDICTIVE SELECTION

Consider a discrete, time-invariant linear system with state
vector x(t) ∈ Rn and control inputs u(t) ∈ Rm indexed
by V := {1, . . . ,m}. When actuated using the input subset
S ⊆ V , the system evolves according to the difference
equation

x(t+ 1) = Ax(t) +BSuS(t),

y(t) = Cx(t) + w(t)
(1)

where uS ∈ R|S| collects the control signals for the active
inputs, i.e., uS = [ui : i ∈ S], and BS = [bi : i ∈ S],
where bi ∈ Rn is the input vector of actuator i ∈ V .

Our goal is to select an input subset S and a sequence of
control actions u(t) in an online fashion so as to optimize
a control metric for the dynamical system (1) under an
actuator budget constraint. To do so, we use an MPS policy

in which S and u(t) are chosen for a finite horizon N , but
only the first control action is executed. Explicitly, if the
system is at state x(t) at time t, the controller solves the
selection problem

J∗N (x(t)) = min
uS ,S⊆V

JN (ξ,uS)

subject to |S| ≤ k
ξ(τ + 1) = Aξ(τ) +BSuS(τ),
τ = 0, . . . , N − 1, ξ(0) = x(t)

(2)

where k ∈ N is the maximum number of actuators that can be
used at each time and JN is an N -step control performance
metric that depends on ξ = {ξ(0), ξ(1), . . . , ξ(N)}, the
open-loop prediction of the state evolution starting at ξ(0) =
xt, and uS = {uS(0), . . . , uS(N − 1)}, the control action
sequence. For instance, JN can trade-off regulation and
actuation energy using the LQR objective (as in Section IV).
The solution of (2) yields an optimal input subset S∗ and
control sequence u∗S∗ . The first control action in u∗S∗ is then
applied to the system and the procedure is repeated for the
resulting x(t+ 1). An immediate generalization of (2) is to
allow the controller to select different actuator subsets at each
instant of the horizon, i.e., to replace the selection problem
by a scheduling one [24]. We leave this extension for future
work.

Notice that at each step the controller must solve a
cardinality constrained set function optimization problem to
obtain the actuator subset S. Hence, even if JN is convex in ξ
and u (as is the case of the LQR in Section IV), (2) remains
a discrete optimization problem. In fact, it is in general NP-
hard [2]. Solving problem (2) exactly is therefore infeasible
even for moderately large systems, specially in the online
setting in which this problem must be solved in the (short)
interval between two successive control actions.

Still, it is sometimes possible to efficiently obtain ap-
proximate solutions for selection problems. This is the case,
for instance, if the control objective JN is a supermodular
function, a form of diminishing return property from which
near-optimal guarantees can be obtained for greedy mini-
mization [25]. Though set functions such as the rank or log
determinant of the controllability Gramian are supermodu-
lar [7], [9], this is a stringent condition that is not met by
many cost functions of interest, such as the LQR objective.

In the sequel, we analyze MPS schemes based on near-
optimal solutions of (2) and derive conditions to guarantee
their stability. We then provide a unified view of these
conditions for a myriad of control objectives (e.g., LQR cost
function) using the theory of α-supermodular functions.

III. STABILITY OF NEAR-OPTIMAL MPS

As we discussed in the previous section, selection prob-
lems such as (2) cannot be solved efficiently in general.
Nevertheless, polynomial (sometimes even linear) time ap-
proximations that trade-off optimality and computational
complexity are often available. In this section, we analyze
under which conditions these approximate solutions do not
degrade the stability of MPS schemes.



To begin, let us formalize the concept of approximate so-
lution. To do so, consider the generic cardinality constrained
minimization problem

minimize f(X )

subject to |X | ≤ k
(3)

where f : V → R+ is a non-negative function. Note that (2)
is of the form (3). We are then interested in the following
form of suboptimality:

Definition 1 ((ν, µ)-optimal solution). A solution X ν for (3)
is said to be (ν, µ)-optimal if

f (X ν) ≤ νf (X ∗) + µ, (4)

where X ∗ is an optimal solution of (3).

Observe that ν ≥ 1 in Definition 1 by optimality. For ν = 1
and µ = 0, X ν is an optimal solution of (3). For ν > 1 or
µ > 0, we say X ν is near-optimal.

The following theorem gives conditions under which a
near-optimal MPS scheme is stable.

Theorem 1. Let J∗N be a Lyapunov function and uνSν (x) be
the first control action determined by a ν-optimal solution
with value Jν(x) of (2) starting at state x. Then, the
resulting near-optimal MPS scheme is stable if for all x(t) ∈
Rn and (x(t), xν(t + 1)) following the dynamics (1) with
input uνSν (x(t)) it holds that

JνN (x(t)) ≥ νJνN (xν(t+ 1)) + µ. (5)

Theorem 1 ties the stability of a near-optimal MPS to the
stability of its optimal counterpart, which in turn depends on
specific structural properties of the system and cost function.
It does so by relating the suboptimality of the solution of
problem (2) to the regulation rate of the dynamical system.
In a sense, it quantifies the intuition that if the optimal MPS
controller is able to quickly regulate the system, then the
approximate MPS has a larger “suboptimality margin.” Or
alternatively, that when using poor approximate solutions
of (2), the suboptimal MPS scheme can only stabilize sys-
tems that are “easier” to stabilize. This is in contrast with
results for approximate MPC that (essentially) only require
feasibility [26]. In Section (IV), we relate this stability result
to how many additional inputs a particular class of near-
optimal MPS problems needs compared to the optimal one.

Before proceeding with the proof of Theorem 1, it is worth
noting that the Lyapunov function assumption of Theorem 1
is fairly mild. Indeed, optimal control schemes often seek
to minimize Lyapunov functions of the dynamical system.
Moreover, for common choices of JN , such as the LQR
objective studied in Section IV, it can be shown that J∗N
is a Lyapunov function, cf. Theorem 11.2 on [27]. Finally,
observe that Theorem 1 can readily be strengthened to show
the near-optimal scheme is asymptotically stable by assum-
ing that the corresponding optimal MPS is asymptotically
stable and making the inequality in (4) strict.

Proof. Start by recalling that a Lyapunov function is any V :
D → R satisfying V (0) = 0 and V (x) > 0 for all x ∈

D − {0}. Moreover, if V (x(t + 1)) ≤ V (x(t)) for all
trajectories {x(t)} ∈ D∞ of a dynamical system, then this
system is stable [28]. Since J∗N is a Lyapunov function,
proving that the ν-optimal MPS scheme is stable is the same
as proving that

J∗N (x(t)) ≥ J∗N (xν(t+ 1)) (6)

for all x(t) ∈ Rn and (x(t), xν(t + 1)) following the
dynamics (1) with input uνSν (x(t)).

To do so, start by using the definition of ν-optimality in (4)
to get that

J∗N (x(t)) ≥ JνN (x(t))− µ
ν

,

for all x(t), which from (5) readily implies that J∗N (x(t)) ≥
Jν(xν(t+ 1)) for all (x(t), xν(t+ 1)) following the dynam-
ics (1) with near-optimal actuation. We can then leverage the
optimality of J∗N to obtain (6).

In a sense, Theorem 1 is a self-fulfilling prophecy: near-
optimality ties the value of the suboptimal problem to that
of the optimal one, so that if the former decreases enough,
the latter will too. A natural follow up question is how
condition (5) translates to the structure of particular MPS
problem, i.e., how it is related to their cost function or
constraints. In the next section, we analyze the stability
of MPS problems with α-supermodular objectives, writing
the near-optimality condition in Theorem 1 in terms of the
actuation budget of the approximate MPS scheme.

IV. α-SUPERMODULAR MPS

Theorem 1 provides stability guarantees in terms of prop-
erties of the solution of problem (2). The goal of this section
is to translate these results into properties of the optimal
control problem itself. To do so, we study MPS schemes
whose objectives JN are α-supermodular.

Supermodularity is a diminishing returns property of set
functions, i.e., functions f : 2V → R that map subsets S ⊆ V
of a ground set V to real values f(S) [19], [29]. Formally,

Definition 2 (Supermodularity). A function f : 2V → R is
supermodular if for every A ⊂ B ⊆ V and e ∈ V \ B it
holds that

∆ef(A) ≥ ∆ef(B), (7)

where ∆ef(S) := f(S)− f(S ∪ e) is the discrete derivative
of f with respect to e at S .

Function f is said to be submodular if −f is supermod-
ular. Moreover, f is said to be monotone non-increasing
if f(A) ≥ f(B) for A ⊆ B ⊆ V . Supermodular functions
can be near-optimally minimized using greedy search. Ex-
plicitly, if f is monotone and submodular, then the value of
the greedy solution of (3) is within (1− 1/e) of the optimal
value [25]. Though some control metrics are supermodular,
e.g., the log determinant of the controllability Gramian [6],
[7], it is a strict condition that does not hold for many
common optimal control objectives [2], [8].

To address this issue, different relaxations of (7) have been
proposed, such as the submodularity ratio [21] and different



notions of curvature [30], and used to obtain guarantees in
a myriad of applications [10], [11], [20], [31]. Here, we
consider the following definition:

Definition 3 (α-supermodularity). A set function f : 2V →
R is α-supermodular, for α ∈ R, if for all sets A ⊂ B ⊆ V
and all e ∈ V \ B it holds that

∆ef(A) ≥ α∆ef(B). (8)

For α ≥ 1, (8) reduces to the original definition in (7).
For α < 1, f is said to be approximately supermodular.
We are interested in the largest α for which (8) holds, i.e.,

α = min
A⊂B⊆V
e∈V\B

∆ef(A)

∆ef(B)
. (9)

The concept of α-supermodularity first appeared in the
context of auction design [32], though it has since been
used in discrete optimization, estimation, and control [20],
[30], [33], [34]. The idea is that if a function is close to
supermodular (α ≈ 1), then its properties should not differ
too much from a truly supermodular function. The following
theorem confirms this intuition.

Theorem 2. Let X ∗ be an optimal solution of problem (3)
and Gq be the q-th iteration of its greedy solution, obtained
by taking G0 = ∅ and repeating for j = 1, . . . , q,

w = arg min
v∈V

f(Gj−1 ∪ {v}),

Gj = Gj−1 ∪ {w} and V = V \ {w}.
(10)

If f is (i) monotone non-increasing and (ii) α-supermodular,
then

f(Gq)− f(X ∗)
f(∅)− f(X ∗)

≤
(

1− α

s

)q
≤ e−αq/s. (11)

Proof. See, e.g., [20].

Observe from (8) and (11) that α measures both how
much f violates the supermodular property and the corre-
sponding loss in performance guarantee. Indeed, the e−1

approximation factor obtained for supermodular functions
when the greedy solution has cardinality q = s now
decreases to e−α. Moreover, notice that the guarantee in
Theorem 2 can be written in the form of Definition 1, so
that we immediately obtain from Theorem 1 that

Corollary 1. Suppose the optimal value J∗N of problem (2)
with cardinality constraint k is a Lyapunov function. If JN
induces an α-supermodular set function, then the MPS
scheme obtained by solving (2) greedily is stable if the
actuation budget at time t is increased to

k̄t ≥
k

α
ln

(
J∅N (x(t))− JgN (x(t+ 1))

JgN (x(t))− JgN (x(t+ 1))

)
, (12)

where J∅N (x) is the value of (2) starting at state x with k =
0, i.e., using no actuators, and JgN (x) is the value of the
greedy solution of (2) starting at state x with cardinality k̄t.

Proof. First notice that (11) can be rearranged to read

f(Gq) ≤ (1− e−αq/s)f(X ∗) + e−αq/sf(∅),

which has the form of (4) in Definition 1. Hence, if the cost
function of (2) is α-supermodular, we can use Theorem 1 to
show that stability of the greedy MPS scheme is guaranteed
if

JgN (x(t)) ≥ (1− e−αk̄t/k)JgN (x(t+ 1)) + e−αk̄t/kJ∅N (x(t)),
(13)

where JgN (x) and J∅N (x) are the values of the cardinality k̄t
greedy solution and the empty solution (k = 1) of (2)
respectively. Inequality (13) readily yields (12).

Corollary (1) establishes a relation between the α-
supermodularity of the control performance metric and the
actuation budget required to guarantee the stability of the
greedy MPS scheme. Explicitly, (13) states that, up to
a logarithmic factor, we need to increase the number of
actuators by a factor of 1/α to ensure the greedy solution
of problem (2) does not affect the stability of MPS. In this
sense, 1/α quantifies the additional actuation cost to pay for
not solving problem (2) exactly. Naturally, what we trade-
off here is actuation cost for computational tractability. In the
sequel, we further particularize this result for the common
case in which MPS is performed using a linear quadratic
regulator (LQR).

A. Linear quadratic MPS

When employing an LQR for MPS, the cost function of (2)
becomes

JN (ξ,uS) = E

[
ξ(N)ᵀQNξ(N)

+

N−1∑
i=0

(
ξ(i)ᵀQξ(i) + uS(i)ᵀRSuS(i)

)]
(14)

for Q ≥ 0 and R := diag [r1, r2, . . . , rm] > 0. Recall
that, in this case, the optimal value J∗N of (2) is indeed a
Lyapunov function [27, Thm. 11.2]. To show this function
is α-supermodular and bound the value of α, we use the
same technique used in [20] to show the mean square
error for sensor selection in Kalman filtering problems is
approximately supermodular.

Proposition 1. The quadratic cost (14) is α-supermodular
in S with

α ≥
λmin

[
P̃−1

1 (∅)
]

λmax

[
P̃−1

1 (V) + B̃ᵀ
SR
−1
S B̃S

] , (15)

with P̃1(S) = W 1/2P1(S)W 1/2 and B̃S = W 1/2BS ,
where W = AΠ0A

ᵀ and Pj(S) is the j−th solution of the
backward Riccati recursion

Pj−1(S) = Aᵀ [Pj(S)− Pj(S)BS

(Bᵀ
SPj(S)BS +RS)−1Bᵀ

SPj(S)
]
A+Q, (16)

starting from PN = Q.

Proof. See appendix.



Fig. 1. Active control inputs.

0 2 4 6 8 10

Simulation time

u
1

u
2

u
3

u
4

u
5

u
6

u
7

u
8

u
9

u
10

C
o

n
tr

o
l 

in
p

u
ts

Fig. 2. System states
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Algorithm 1: MPS with quadratic cost and greedy search
Required: System and cost matrices A,B,Q,R;

optimization horizon N ; actuator budget k;
ground set V = [m].

Result: Actuator subset and control action at time t.

1 while MPS actuating do
/* retrieve current state */

2 y(t)← Cx(t) + w(t)
/* find actuator subset */

3 Procedure greedy search():
4 for j = 1, ..., q do
5 w ← arg minv∈V f(Gj−1 ∪ v)
6 Gj ← Gj−1 ∪ w
7 V ← V \ w
8 end

/* compute control action */
9 RDE recursion (16)

10 Kt = (RS∗ +Bᵀ
S∗Pt+1BS∗)

−1Bᵀ
S∗Pt+1A

/* update system */
11 u0

S∗ ← −K0x(t)
12 x(t+ 1) ← Ax(t) +BSu

0
S∗(t)

13 end

Using the bound in Proposition 1 together with Corol-
lary 1, we can determine the number of actuators necessary
to guarantee that greedy linear quadratic MPS (Algorithm 1)
is stable. Naturally, other cost functions related to (14) also
lead to stable MPS schemes. For instance, note that if we
let N → ∞ in (14), the linear quadratic cost is equivalent
to the H2 norm of the system, which in turn corresponds
to the trace of a weighted gramian, a submodular function
[6]. In this case, α ≥ 1, so that the number of actuator
needed to stabilize MPS is essentially the same as if (2) was
solved exactly. This also occurs, for instance, when using
the log det of the controllability Gramian. Conic combination
of α-supermodular metrics can also be used, since they are
also approximately supermodular [20].

V. NUMERICAL EXPERIMENTS

We next devise a few numerical experiments to discuss the
use of the MPS framework. We start with an illustration of
the use of the MPS scheme to select a subset of actuators to
control a linear discrete-time system. The system matrices
are randomly chosen and system dimensions satisfy n =
10, m = 10, with the maximum number of active inputs
given by k = 4. We adopt a quadratic cost structure with
Q = In, R = Im and optimization horizon N = 30.
To update the MPS scheme (using a time step of 1s), we
use the covariance matrix of a noisy observation process as
covariance of the random “initial” state x0 at each instance of
the control/selection problem — recall that since the matrices
are time-invariant, we can use x0 to represent the starting
point x(t) of the control problem at event (x, t). We show
some results in Figures 1 — 2. The plots show the active
inputs during a given time frame and the corresponding
evolution of the states. It is interesting to note that the offline
greedy selection algorithm and the MPS scheme start from
the same actuator set, but that changes from the second time
step, reflecting a difference in the cost (17) due to a different
starting point for the following iteration of the MPS problem.

We next evaluate the relative suboptimality of the MPS
scheme, since the relatively low dimension of the system
allows us to find the optimal solutions and compare them
to the greedy ones. We ran 1000 realizations of randomly
generated discrete-time systems with n = 10 and m =
10. We adopt the same cost structure as in the last case.
Results are shown in Figures 3 and 4. The first one of
them shows a histogram of the relative suboptimality of the
MPS greedy solution with relation to the optimal one at the
first iteration, and the second one shows a similar histogram
after 5 iterations. Even though the greedy algorithm provides
good results already in the first iteration, we note that the
performance of the MPS scheme in this case improves after a
few iterations. Moreover, note that the relative suboptimality
shown in the plots corresponds to the near-optimality gap
ν from Definition 1 and Proposition 1. For the quadratic
case, the greedy algorithm provides, at each instance of the



selection problem, a solution very close to the optimal one,
which provides stability for the overall scheme.

We also compare the use of the MPS scheme with an
offline greedy selection algorithm with the same actuator
budget k = 4. The same linear quadratic structure is used, but
note that in the selection case the objective is to find a single
actuator subset to operate the system in the next N time
instants. The simulation follows the same structure as in the
last case. We show the simulation results in Table I. The table
brings the average quadratic cost (14) for 1000 realizations
of a discrete linear system for different optimization horizons
N = 10, 20 or 30. The MPS approach offers a lower cost
overall, which is expected from the change in the subset of
active inputs.

TABLE I
QUADRATIC COST: MPS AND OFFLINE SELECTION

Average over 1000 realizations
Optimization horizon MPS Offline selection

N = 10 269.0075 273.1953
N = 20 269.6135 272.3935
N = 30 269.6137 287.6110

VI. CONCLUSION

In this paper we present a novel framework for input
selection in large-scale systems: instead of defining a priori
a subset of control inputs to operate the system, we borrow
from the model predictive control approach a recursive struc-
ture for the input selection problem. Since selection problems
are in general NP-hard, it is impractical to use optimal
selection in a recursive manner, and thus we next discussed
the stability of near-optimal solutions, that is, approximate
solutions which are within a bound of the optimal one. We
showed how the sequence of near-optimal solutions remains
stable if the approximation errors at each time step are not
too large. For the commonly used linear quadratic structure,
we showed that each instance of this sequence of selection
problems is approximately supermodular, a property which
allows us to find near-optimal solutions in a timely fashion.
More extensive numerical experiments are needed in order to
compare the proposed framework with the use of offline se-
lection and scheduling algorithms, but the initial experiments
show the MPS scheme can achieve good performance.

A first extension of the initial results presented here
concerns the optimization metric: the approximate super-
modularity of the linear quadratic cost structure yields near-
optimal solutions in polynomial time, but we still need
to investigate if similar properties hold for other metrics
commonly used in control. On the model predictive control
side, one of the main advantages of MPC is its ability to
handle state and control constraints [14] , and incorporating
these notions into the MPS framework might make it more
attractive to MPC practicioners.
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Fig. 4. Relative suboptimality at tsim = 5
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APPENDIX

A. α-supermodularity of the LQ MPS problem

Proof. The value function of a linear quadratic optimal
control problem is given by J(·) = tr (xᵀ0P0x0), where P0

is the matrix obtained from a sequence of Riccati difference
equations (RDE). For system (1) controlled by an actuator
set S the value function reduces to

J(S) = tr (xᵀ0P0(S)x0) , (17)

with P (S) given by the backward recursion of RDEs

Pj−1(S) = Aᵀ [Pj(S)− Pj(S)BS

(Bᵀ
SPj(S)BS +RS)−1Bᵀ

SPj(S)
]
A+Q (18)

starting from PN = Q. Here RS is the |S| × |S| diagonal
matrix made up by elements ri of R (14) corresponding to
the active inputs i ∈ S. We apply the matrix inversion lemma
to equation (18) to obtain

Pj−1(S) = Q+Aᵀ
[
P−1
j (S) +BS(RS)−1Bᵀ

S
]−1

A. (19)

Considering the variance of the initial state, E [xᵀ0x0] = Π0,
the optimal cost in (17) can be rewritten as

J(S) = tr(Π0Q)

+ tr
(
AΠ0A

ᵀ(P−1
1 (S)) +BS(RS)−1Bᵀ

S)−1
)
. (20)

From Proposition 2 in [20], the sum of an α-supermodular
function and a constant is still α-supermodular, and thus it
suffices to show approximate supermodularity of the second
term in the right hand side of (20). To do that, let W =
AΠ0A

ᵀ ≥ 0 and take W = W 1/2W 1/2 to write (20) as

J(S) = tr(·) + tr

((
P̃−1

1 (S) + B̃SR
−1
S B̃ᵀ

S)
)−1

)
, (21)

with P̃ (S) = W 1/2P (·)W 1/2 and B̃S = W−1/2BS . Note
that due to the diagonal form of R, B̃SR−1

S B̃ᵀ
S is equivalent

to
∑
i∈S r

−1
i b̃ib̃

ᵀ
i . Then we can use Theorem 2 in [20] to

conclude that (21) is α-supermodular with

α ≥ min
S⊆V

λmin

[
P̃−1

1 (S)
]

λmax

[
P̃−1

1 (S) + B̃SR
−1
S B̃ᵀ

S

] . (22)

Finally, P̃1(X ) is monotonically decreasing in the sense that
X ⊆ Y implies P̃1(Y) ≤ P̃1(X ). Together with the antitone
property of the matrix inversion operator this yields the
desired result.
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