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CBFs, artificial potentials, MPC

© knowledge of dynamical system

System identification
Deistler et al., Autom:95; Tsiamis et al., CDC'19; Dean et al., FCM'19

© “consistency” guarantees for linear systems
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Problem °

Find a control policy that navigates the environment effectively and safely ®

© knowledge of dynamical system
« System identification ,i‘ €)
Deistler et al., Autom.'95; Tsiamis et al., CDC'19; Dean et al., FCM'19....] Z
© “consistency” guarantees for linear systems ° »
© RL :
Bertsekas & Tsitsiklis'96; Sutton & Barto’18; Bertsekas'19...] Ii\
x
.
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* Model-free framework for decision-making in Markovian settings G;
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* Model-free framework for decision-making in Markovian settings G)
Pr (stﬂ | {Su,au)ugt) =Pr (Sz+1 | Stqat) =p(set1 | se, az) ©o
o C
1 T
sute | | rowars ter | maximice V() £ B [? S, a»] (P-RL)
! re I t=0
v I i
o J
« (P-RL) can be solved using policy gradient and/or Q-learning type algorithms
(W92, WD'92, BT'96, KT'00, JFEPF'14, HKSC'15, NFPIY'15, AJFR'17, PP'18, SB'18, B'19, KCP'19....]
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* Model-free framework for decision-making in Markovian settings (o)
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« Model-free framework for decision-making in Markovian settings (o)
Pr (5¢+1 | {Su;au}uSt) =Pr (St+1 | Sz,llt) =p(set1 | St-,at) ©O
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+ MDP: S (state space), A (action space), p (transition kernel), r : S x A — [0, B] (reward)

« P(S): space of probability measures parameterized by S

« T (horizon) and < 1 (discount factor) '@
5
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maximize Vo(7) £ Eqqnn E Z ~'ro(se, ar) ®
TEP(S) : T g o
- (P-CRL) @ C
;T2
subject to V() £ Esamr |:T Z'y‘n(sz,a:)] Zci, i=1...,m
t=0
5
+ MDP: S (state space), A (action space), p (transition kernel), r; : S x A — [0, B] (reward) »
« P(S): space of probability measures parameterized by S
« T (horizon) and v < 1 (discount factor)
[Altman'99; Achiam et al., ICML'17; Paternain, Chamon, Calvo-Fullana, Ribeiro, NeurlPS'19; Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23....] 6
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maximize Task reward
TEP(S)

subject to  Pr (Not colliding with O;) > 1 —46, i=1,2,...
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1
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« Probabilistic version of control invariant sets

NP
Safe navigation O @ 8 [

Problem @
®

Find a control policy that navigates the environment effectively and safely

maximize V()
TEP(S)
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Problem @
Find a control policy that navigates the environment effectively and safely ®

« CBFs, artificial potentials, MPC
[Koditschek et al., AAM'90; Mayne et al., Autom.'00; Wieland et al., IFAC'07....]

© knowledge of dynamical system

« System identification
[Deistler et al., Autom.95; Tsiamis et al., CDC'19; Dean et al., FCM'19...]
© “consistency” guarantees for linear systems

+ RL
[Bertsekas & Tsitsiklis'96; Sutton & Barto'18; Bertsekas'19...]
© weak guarantee
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1
imize Vo(m) £ By 0~ 75
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subject to  Pr(Not colliding with O;) > 1 -4, i=1,2,...
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Find a control policy that navigates the environment effectively and safely ®
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imi & —
mfécg(nsl)ze Vo(m) £ Esamn |:T ;To(se,ﬂt)]
1= 5
subject to Vi(m) £ Eqamn 72]{(3: ¢O) | >1-=, i=1,2,...
Tl D T
pe .
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« Probabilistic version of control invariant sets
T-1 T-1
- Constraint tightening: Pr ( N gt) S1-64=Y Pr(&) =T~
t=0 t=0

[Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAG'23] 9
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aximize Vo(7) £ Esanr | 7 '
maximize o(m) s | 7 g’y ro(st, ar) @O
B (P-CRL) @& C
1 T—1
subject to  Vi(m) £ Eq anr |:T Z"/lh(suar,)] Zci, i=1 3
t=0
o
®
0
+ MDP: S (state space), A (action space), p (transition kernel), 7; : S x A — [0, B] (reward) »
1
« P(S): space of probability measures parameterized by S
« T (horizon) and v < 1 (discount factor) P
®
[Altman'99; Achiam et al., ICML'17; Paternain, Chamon, Calvo-Fullana, Ribeiro, NeurlPS'19; Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23....] 10
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1 T-1
maximize Esanr | ro(se, a
aximice Boanr Tgw olstyar) .
1 @
subject to  Eamr |7 Y Y'7i(se,ar)| > ¢« Duality 3
T — [Bhatnagar et al., JOTA'12; Tesler et al., ICRL'19; PCCR, NeurlPS'19; °
=0 Ding et al., NeurlPS'20; PCCR, IEEE TAC'23 ...]
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@ Domain independent
@ Tractable
© Approximation guarantee [non-convexity]
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1 T—1 1 T—1 \./
D* = T)__ig e Es,amm [? Z“/'Tu(ﬁ,az)] + AEsamr [;;vth(h,m)} \

Ty

-1 To1
1 1
P = 7{2’;;1()%) Es,a~n |: EO w'ro(smuz):' subject to Eg,ann I:? EO 'Yﬁn(sz,az):l >0
= =

(G -¥ 2

. O. ® ;;
CRL methods e @ A &
®.8
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+ Reward shaping (o)
© Manual, time-consuming, ®
domain-dependent o © ¢

© Trade-offs, training plateaux

Prior knowledge

e.g., safe exploration [Berkenkamp et al., NeurlPS'17, Dalal et al., arXiv'18]
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imi Es,anm |75 t
mfé%lgl)ze . |:T E Y'ro(se, ar)

=

=0 © Requires set of safe actions or safe policies %
T—1 . .
subject to B ar 1 V(s a)| > e © |Intractable projections .
T t=0 L ]
« Linearization and convex surrogates
e.g., CPO [Achiam et al., ICML17] .é
© No approximation guarantee
© Approximate problem may be infeasible
«
®
1
«
® © -,
Agenda o <) o g
B
(®)
©o
e ¢

CMDP duality

Duality .

T-1 T-1
1
[ E wfro(sz,az):| subject to Es.amr |:¥ E 7'r1(s:.a¢)j| >0

t=0 =0

= max_ Esa~nr
TEP(S)

. Te @, g
Duality Y. @ @‘ G
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= = (o)
D* = T)__ig e Es.amm [? Z”/'To(ﬂ,az)] +AEsann [Fgovth(shm)} ®

t=0
! @ !

P* = max_ Esa~n
TEP(S)

To1
1
wfro(sz,az):| subject to Es qnr [; Zw'rl(s:.az)] >0
=0

. 1 -
* D* = minyxro maxep(s) Es,amn [f Z;F:ol ' (ro(se, ar) + Ara(se, az))}

« No hyperparameters to be tuned in the problem => Domain Independent

.
« Equivalent to solving a sequence a unconstrained RL problems = Tractable ®
13
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1 T—1 | T—1 N

* s = t. — it
D* = T;g Wrgn%) Es,ann [T E'y TU(Shal):l + AEs,ann |:T Z') Tl(st,ﬂr,):| ®
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T-1 1 T-1
= max Boans { Z'y"m(s:,a:):' subject to Eq qur [? St (s:,at)] >0
=0 =0

« Approximation guarantees? »
i
< Ingeneral, D* > P* %

.
®
13

Duality Ve @ 8 [

T—1 T-1
.o 1 t 1 t
D* = pin ma Esann [T E'y ru(shaz):l +AEsann |:T Zoq T\(st,ﬂr,):| ®
=

t=0 o

(@
! OB
T-1 1 T-1
P = max Eoow D atro(sear) | subject to Eeann = > atritsnan | 20

t=0 t=0

« Approximation guarantees? »
i
< Ingeneral, D* > P* %
«_ px .
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Theorem (Paternain, Chamon, Calvo-Fullana, Ribeiro’19) 4
If there exists 7! € P(S) such that Vi(n') > ¢; foralli = 1,...,m, then D* = P*. ®
o]

« Non-proof: There is an equivalent linear program

—1

-7 ¢ (s, @)
P-CRL) = LP: (s,a) = = Pr(s; = s,at = a) +— 7(a|s) = —————
(P-CRL) pr(s,a) lfv,gwﬂ(t e=a) el =
V(r) = Eoanr | D 3'r(s0:00) | ¢ By, [r(s.0)] = / 7(s,a)px(s, a) dsda ¢
P SxA »
|
"‘9;‘,‘,'{;‘)” Vo(m) _ mal))cgiy,x):izc E(s.a)~p [7-0(5,(1)} ¢ i 2
subject to  Vi(m) > ¢; subject to  E(sa)~p [r,(s,a)} >é
i
(strongly dual) @
[Paternain, Chamon, Calvo-Fullana, Ribeiro, NeurIPS'19; Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23] 14
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« Consider the following equivalent optimization problems ©o
(
P"=max -—ua . CYE
T Plp=max —x
subject to 22 -1 >0 R v
subject to z—1>0
x>0
« They have the same objective and the same feasible set = > 1 = Equivalent problems
2 =1, P =Pp=-1 ‘
(]

Problem Py p is convex (Linear Program) = Zero duality gap

Problem P is not convex = Zero duality gap?
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| T—1 | T-1 °
* ;- - ~t. = At
Dt = pin max Foans [TZ ) ru(se,ai,):| FAEqann [TZ ) n(sl,m)} ®
t=0 t=0 o}
! @ *
T-1 1 T-1
= ma Eoa Znyfm(sha,) subject to By ?an'n(shm >0
P =

« Approximation guarantees?

« Ingeneral, D* > P* %

« Butin some cases, D* = P* (strong duality) [e.g., convex optimization]
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Theorem (Paternain, Chamon, Calvo-Fullana, Ribeiro’19) \é
If there exists 7! € P(S) such that Vi (') > ¢; forall i = 1,...,m, then D* = P*. ®

[Paternain, Chamon, Calvo-Fullana, Ribeiro, NeurlPS'19; Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23) 14
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Theorem (Paternain, Chamon, Calvo-Fullana, Ribeiro’19) °
If there exists 7! € P(S) such that V(') > ¢; forall i = 1,...,m, then D* = P*. ®
o

« Non-proof: There is an equivalent linear program

4 (P-CRL)=LP: p.(s,a)= 7t Pr(st =s,as = a) «— 7(als) = _palna)
i Sy pr(s,a)da
V(1) =Boamr | Y 7'r(st,a) | % Eang, [r(s.0)] :/ 7(s,a)pn(s,a) dsda :
P SxA »
m;lé;i,r(r:qifc Vo(rr) _ maximize E(sa)~p [To(s,0)] S i
subject to  Vi(7) > ¢ subject to  E(sa)~p [r,(s,a)] >
{strongly-dual) <+ (strongly dual) .(a
®
[Paternain, Chamon, Calvo-Fullana, Ribeiro, NeurlPS'19; Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23] 14
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. «
P"=max -z N .
T Pip=max —x
subject to 2° —1>0 = §
subjectto @ - subject to z—12>0 ©C
>0 o ¢
1.5 \ , 1.5
1 1
0.5 \ / 0.5
L0 S0 s @
[
—0.5 —0.5
i
15 ~15
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* Let us solve the dual problem of the LP first —05 ®
Pip=max —ux =1 .O(
subjectto x—13>0 —0.75
« The dual function is (v > 0) & 1
1 =1 o
dp, (V) = max —a4v(r—1) = {; ifyu; | Lo
« The solution to the dual problem is [ ]
* . —1.5 i
Dip =mindp, ,(v) = ~1 05 0. - - 1
T
« We have D} » = P p = no duality gap
.
®
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« The proof of the result is based on geometric arguments

[l

P* £ max  Vo(m)

= (o}
e Esanm [gw Tu(ﬂh(lt)} o ¢
-
Eoamn [Zwtn(st,ad] >eni=1,...,m

>

subject to V()
=0

« Define the set
C= {5 e R™ | I stVi(m) > & foralli = U,....m}

« Claim: the set C is convex = It follows from the fact that we can write hd

Vi(r) = / 7(s,a)px(s,a)dsda %
SxA

« And that the set of occupancy measures is CoOnvex V. Borkar A convex analyiic appi

ach to Markov decision pro

.
=
®

[Paternain, Chamon, Calvo-Fulana, Ribeiro, NeurlPS'19; Paternain, Calvo-Fullana, Chamon, Ribero, IEEE TAC'23] 19
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1 T-1 N T-1 L]
D* =min max_Esanr E y'ro(sear) | + A | Esamn | E 71 (ses ar
Xm0 meP(S) o ) : 727 ) ®
(=0 =0 o

* D* = P~ (strong duality) [despite non-convexity]

Dual CRL o 5 [
L .

Dj =i s oo arrg @

o C

* D* = P~ (strong duality) [despite non-convexity]

. Finite dimensional parametrization 7¢

®
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« Let us solve the dual problem of the non-convex . ‘
problem
P*=max —x= -1 ©(,
¢ e C
subject to a* —1>0
x>0
* The dual function is (X, pz > 0) 5
dp(\ p) = max —z + Az — 1) + pz %
S
o ifx=0p=1 '.
Tl otherwise
+ The solution to the dual problem is § E ~
T
Dp = /\t‘y/\;\ndp(/\, ) =0 b
. . ) ) ®
+ We have D} p # P;p = There is duality gap <
18
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Proof outline (2) e g g &
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« Given the convexity of the set ®
C={¢eR™" |3rstVi(n) > gloralli=0,...,m} o)
o C
- Define a supporting hyperplane at (P*, 0), then we have that for any ¢ € C
P A0 &+ Y NG
i=1 i=1
t . " N €3
+ Letw! =argmax, Vo(m) + >, \iVi(r) and &f = Vi(x")
m m m (]
PPy on02 g4 Y xel =Volr) + Do) =0y i
i=1 i1 i=1
« This implies strong duality P* > D* %
«
®
[Paternain, Chamon, Calvo-Fullana, Ribeiro, NeurlPS'19; Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23) 20
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Dual CRL U
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D* = anm arT
EP(S) ®
o]
o
« D* = P* (strong duality) [despite non-convexity]
€
« Infinite dimensionality of P(S) ° °
«
®
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Theorem (Paternain, Chamon, Calvo-Fullana, Ribeiro’19) L
Let o be v-universal, i.e., @
o]
min max / |7r(a\s) —mo(als)|da < v, forallw € P(S). o ¢
0co ses [,

Then,

1 AL
|P*—D§‘§ + IAD1 By
L J

[Paternain, Chamon, Calvo-Fullana, Ribeiro, NeurlPS'19; Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23) 22



Dual CRL e gt

Theorem (Paternain, Chamon, Calvo-Fullana, Ribeiro’19) .
Let mo be v-universal, i.e., ®
. O]
min max / |7 (als) = mo(als)|da < v, forallw € P(S).
0cO s Ja
.
Then, {
‘p’ - U,’,\ < v €
[
Sources of error Q
parametrization richness (v)
&

22

Dual CRL e gt g

Theorem (Paternain, Chamon, Calvo-Fullana, Ribeiro’19) .
Let 7o be v-universal, i.e., ®
min max / |7 (als) = mo(als)|da < v, forallw € P(S).
0co ses [,
.
Then, ‘
AL
i< P, £
[ ]
Sources of error Q
parametrization richness (v) requirements difficulty (\}) horizon (v)
G
22
- ° % g
Grid world example S &
7
« Consider a grid world with a safe and an unsafe bridge 0
= Only two potentially optimal policies depending on the cost of crossing each bridge ®
&
100 .{
8 1o &
2 10 = N
= 2
3 5
o
[ ]
1072 N
I I | I
0 02 04 06 08 1
Iteration (k) x107 *
G
23
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Grid world example o &
7
« Consider a grid world with a safe and an unsafe bridge 0
= Only two potentially optimal policies depending on the cost of crossing each bridge ®
&
100 T T T T .{
8 1o &
2 10 \
= Z
3 5
o
[ ]
1072

I
0 0.2 0.4 0.6 0.8 1

Iteration (k)

23

Dual CRL .
Theorem (Paternain, Chamon, Calvo-Fullana, Ribeiro’19)
Let wo be v-universal, i.e.,

min
6co

/ |w(als) — mo(als)|da < v, forall w € P(S).
JA

Then,
[IAZ1ly

P* —Dy| < v

Sources of error

parametrization richness () requirements difficulty (A7)

Grid world example .

« Consider a grid world with a safe and an unsafe bridge
= Only two potentially optimal policies depending on the cost of crossing each bridge

[
e
nananal Q
&)
23
. . £ '
Grid world example e &
7
« Consider a grid world with a safe and an unsafe bridge 0
= Only two potentially optimal policies depending on the cost of crossing each bridge ®
)
100 .{
‘% 101 . c
> \
E :
[s]
[
1072~ i
I I | I
0 02 04 06 08 1

Iteration (k)

Dual CRL (S

1 T-1 1 T—1
[? Zﬁ"n(m ur)} +A <I\ anmg [? Zﬁr'rw(«/.fl/)})

t=0 t=0

Dj = min max Es a~r
A

« D* = P* (strong duality)

. Finite dimensional parametrization g

7o is v-universal = | P* UM <O0(v)

x10° Q
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Primal-dual algorithms, state augmentation, guarantees o
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Primal-dual algorithm %o @ @' &
L 3 .
) 1 T-1 X L]
D= 1) max Eanng [ ;w m(shm)} 2| Eoanmg { ®

o
N
* Maximize the primal (= vanilla RL) 3
T-1
. 1
0' e argené)ax Es,anme |:T ;th(sum)]
(]
|

ra(s,a) = ro(s,a) + Ari(s, a)

®
26
. . ’ Q. © 5
Primal-dual algorithm Ve o &
.8
. ¢
1 T-1 1 T-1 .
D} = &"»“8 max Es,a~mg [?Z’)‘To(sz,uz)} +2A (Es,a.«,\-g {* Z’YtTI(5z,at):| - m) ®
- t=0 =0 o
e ¢
* Maximize the primal (= vanilla RL) 3
R
(]
+ Update the dual (= policy evaluation) 4
®
26
) O. © -, %
. .
Dual CRL <& F 4
. ¢
L]
Theorem ®

Suppose ' is a p-approximate solution of the regularized RL problem:

0

°¢
= L)
o' ~ Es o~ = Fra(s .
argg;ax sa~me | 7 ;y a(se,at) 3
Then, after K dual iterations with step size n s
(]

the iterates (0", A™) are such that

‘P' 7L(9(T)’A(T))‘ < 1‘:H)\VH1 Bu+p
-7

S @

[Paternain, C., Calvo-Fullana, and Ribeiro, NeurlPS'19; C. and Ribeiro, NeurlPS'20; C., Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT'23]
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Primal-dual algorithm Ce @@ &
®.8
L 2 .
D} :Xn;g mex Esa~mg |:1 Z’Ytro(m,m)} +A <]E.W.a~1rg {1 Z’)’tm(sl,,m)] *m) ®
: > )
¢

. . Ct @, &
Primal-dual algorithm S @@ &
LN
. ‘
Dj = min s A
A0 @O
o ¢
]
+ Update the dual (= policy evaluation) )
)\+:[)\*77<]Es,a~w5, %Z’ytn(s,,at)]fcl)] d
=0 + ®
. Te @,
In practice. .. e Gt @ &
& @
. o

-1 -1 .
1 1
Dj = &n:lg max Es,a~mg |:* E ’th(ﬁz,az)} +A <]E.i.a~1rg {? gn ’)’tm(sz,az)} - C\) ®
=

t=0

+ Maximize the primal (= vanilla RL): {s, a:} ~ 7o,

T-1
1
i1 =0, +1 |:T E’YtT,\(Snat)] Vo log (me(aolso))
t=0

+ Update the dual (= policy evaluation): {s;,a:} ~ 70,

AT = [A*ﬁ(%Z'yth(S:,m)*cl)] %

: ®
- oS
Safe navigation o . [
35— : : @
1 @ ¢
;:

32 5 3
g ] &

T 1
] .
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Safe navigation .

Reward shaping
(w; = —2.9)

Safety Probability

—6

0 1 2 3 4

I I x10*
L I S— 0 lteration (k)

Reward

[Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23] 29

Monitoring task e

Problem
Find a control policy that maximizes the time in Ro
while monitoring R; and R at least 1/3 of the time each ®

ana, Paternain, Chamon, Ribeiro, IEEE TAC'23] 31

[Calvo-Fu

Monitoring task * .

Problem
Find a control policy that maximizes the time in Ro
while monitoring R; and R at least 1/3 of the time each ®

T-1

%Zﬂ(st € Ro)

max lim Esqnn
TEP(S) T—oo

N

1
lim Esanr |
s.to TT; a~w | T

T[(sr S R.):| > é

t=

)

@ 7" = draw actions uniformly at random

nain, Chamon, Ribeiro, IEEE TAC'23] 31

So CRL is hard? .

There are tasks that CRL can tackle and RL cannot

max  Vp(m
TEP(S) (™ 5 max_V(m) ()
. 2 reP(s)

subject to  Vi(w) > ¢;

Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] 32

Safe navigation

Speed: 3.0x

{Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23] 30
o«
Monitoring task © . &
Problem :
Find a control policy that maximizes the time in Rq °
while monitoring R; and R at least 1/3 of the time each ®

T-1

%ZE(&ERQ)

max lim Esann
=

wEP(S) T—oo

=~ o

N

T
. 1
s.to lim Beann |:? (st € R;)} 23

=

aternain, Chamon, Ribeiro, IEEE TAC'23] 31

«
Monitoring task * e &
Problem :
Find a control policy that maximizes the time in Rg °
while monitoring R1 and R at least 1/3 of the time each ®

T-1
. 1 1 T-1
; ~N"I(s )
R A Bren |72 L (se € o) e, i e |70 ralon)
o t=0
T—1
. 1 1 ra(s)=0(s€ Ro)+ A1 l(s€Ri)+Al(s€E Ry M
s.to T]gr;ﬂis_aw.- |:? ZH(S: € R;)] > 3 ( ) ( ) ( ) 2
t=0 .
L]
© ©* = draw actions uniformly at random O =X=1 all m € P(S) are optimal i
O A, <Lt 7t st.Pr(s € Ro] =1/2 \ E:
QXN >land )i >\ 7" st Prise Ri]=1

ain, Chamon, Ribeiro, IEEE

So CRL is hard? .

« There are tasks that CRL can tackle and RL cannot

max  Vy(m)

P(s ax V ¢

TEP(S) 2 7rrEn‘,:L();) V() 0)

subject to  Vi(m) > ¢

« Dual CRL cannot solve all CRL problems b

Theorem (Paternain, Chamon, Calvo-Fullana, Ribeiro’19) 2.

If g is v-universal, then |P* — Dj| < O(v). »
m 1
— 30" € argmax Vy(me) + Z i Vi(me) that is approximately feasible.
6ee i=1

®

32



So CRL is hard? .

Primal recovery s

« General issue with duality (&)

= (Primal-)dual methods: f(0x) /4 f(6") but

@ Convex optimization = dual averaging
K-1
= Convexity: 0" = lim 8

Intuition o

6, € argmax Vi, (me), Va(m) = Vo(m) + AVi(m)
oco

A1 = [Ak —U(Vl(ﬂak) - Cl)Lr

« Only the ergodic average of (approximate) dual ascent iterates converges

K—-1
1 0
Vi(me,) # Vi(me) but FZVm(‘"ek)HVz(ﬂ'e') °
k=0
]
= Randomization:
«
®
35
.
State augmentation .
« Construct a new MDP based on known state space M and transition kernel ¢:
State space: S
MDP = ¢ Action space: A
Transition kernel: p(si41]se,a)

. : & @
Primal recovery e @ &
@.8
. I
« General issue with duality ()
1 O]
= (Primal-)dual methods: f(6x) /4 f(68") but Z f(6r) — f(6 O(
k=0 O
’ [
i
®
34
. : & ©
Primal recovery e @ &
@8
. I
« General issue with duality (')
1 O]
= (Primal-)dual methods: f(0x) /4 f(6") but Z f(6r) — f(0 O(
k=0 CYIN
@ Convex optimization = dual averaging
K-1
= Convexity: 0" = Kh_'f; % 0.
k=0
[
© Non-convex optimization = randomization i
K-1
= 0" ~ Uniform(6;) = E [f(8")] = L Zf 0) = f(0
k=0 .
®
34

. @ ©,
Intuition CRA 5 [
6. € argmax V), (), Va(m) = Vo(m) + AVi(m)
€0

A1 = [Ak —n(Vi(mo,) — 61)} .

« Only the ergodic average of (approximate) dual ascent iterates converges

K—-1
1 03
Vilmo,) # Vilmo:) but = kz Vi(e,) — Vi(mer) .
=0
]
1 T-1
« Value function is an ergodic average: V(7)) = E. an |:7 r(st, az)]
t=0 P
®

 ©
State augmentation o5 ® é’ [

« Construct a new MDP based on known state space M and transition kernel ¢: (o;
State space: SxM=S8"= s =[s,m]fors € Sandm e M ©o
MDP’ = { Action space A o C
Transition kernel:  p(sit1se, a)g(meii|me, se,a) = p'(sioq|si, a)




(o)
State augmentation Ve @ G
- . @ «
« Construct a new MDP based on known state space M and transition kernel ¢: 0
State space: SxM=S8"= s =[s,m]fors € Sandm e M ©,
MDP’ = { Action space: A ° - ¢
Transition kernel: — p(se1]se, a)g(mipi|me, s, a) = p'(si|sh. a)

= eg, M=R?and mip1 = mic+n[I(se = Ri) = I(s; # Ri)|

@ @~ -JEIEEC- %

®
36
o @, .
Intuition: State-augmented CRL oo @' : [
e @ o
6. € argmax Vy, (me), Via(m) = Vo(w) + AVi(m) .
0co @
o
Akt1 = {/\k—n(%(ngk)—cl)kr o
« Only the ergodic average of (approximate) dual ascent iterates converges
K—-1
Vi(ma,) 4 Vi(ro-) but %Z Vima,) — Vi(ro+) %,
k=0

T—1
- . 1
« Value function is an ergodic average: V(7)) = Eq anr |:T ; r(st, m)] %

®
37
. L7~
® ) n
HH - - ® o
Intuition: State-augmented CRL ) @ [
e «
.
Offline Iﬁk S argénsax Vi (me), Va(m) = Vo(m) + AVa(m) ®
o] b
o C
« Only the ergodic average of (approximate) dual ascent iterates converges
K—-1
1 0
Vi(mo,) #» Vilmer) but 4 ; Vi(ma,) — Vi(me+) .
k=0
i
T—1
« Value function is an ergodic average: V(w) = E. e Z r(st,ar) %
g ge: = Bsanm | 75 1, At
t=0 .
®
37
. LI
©

State-augmented CRL Ol /,;;-g b

°
P(sesalse, ar)

®

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAG'23] 38

©
. e, W
State augmentation @8 &
.
e «
« Construct a new MDP based on known state space M and transition kernel ¢: 0
State space: SxM=S8"= s =[s,m]fors € Sandm € M @(‘
MDP’ = { Action space: A 0 TG
Transition kernel:  p(sit1se, a)qg(meii|me, se,a) = p'(siai|si, a)
+ Ingeneral, it is not clear. .. %
= ... how many and which states to augment (M) * .
= ... what dynamics these states should follow (¢) .
...to guarantee optimality and feasibility ; E g
«
®
36
. © 9, x
Intuition: State-augmented CRL - @& @ [
2
e «
L]
[ek € argmax Vi, (e), Vi(m) = Vo(r) + AVi(m)
0ce
®
o]
l)\tfﬂ = [)\kfn(\/l(ﬂek)*cl)} ONS
+
« Only the ergodic average of (approximate) dual ascent iterates converges %
K—-1
1 . 03
Vi(mo,) # Vilmor) but 1 ; Vi(ro,) = Vi(ro-) o
T-1 :
« Value function is an ergodic average: V(7)) = E. e Z r(se,ar) %
g ge: R tat
t=0 P
®
37
. & © i
Intuition: State-augmented CRL - @ " @ [
-2
. ‘
L]
®
¢
Online l'\“' - [)\k —n(Vi(ro,) - cl)} e
+
« Only the ergodic average of (approximate) dual ascent iterates converges
K—-1
1 03
Vi(mo,) /» Vilmor) but 1 ; Vi(ro,) = V(o) o
1 T-1 :
« Value function is an ergodic average: V(7)) = E. an |:7 r(smu)}
t=0 .
®
37
~ 9,
® Oﬁc B - 1 g
€ @
. «
L]
State space: M = {\} = s’ = (s,)\) ©c !
o C

AOks1[ M, {000}

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23]

Dynamics: A1 = [Aik —n(Vi(m) — i)

+

®
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-5
State-augmented CRL O ®.8 &

)

@/.

State space: M = {A\} = 5" = (s,\) o

()
=

Dynamics: A1 = [Aix —n(Vi(m) — cl)]Jr

« Training (offline)
= Train policy against r(s’,a) = ro(s,a) + > | \ir1(s, a) with static A (no dynamics)

LY @l

i Vi(m)

=
= 7'(\) € argmax Vo(w) +
TEP(S) ;

%@’

[{Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23]

6
State-augmented CRL O ®.8 5

(o)
&/

State space: M = {A\} = 5" = (s,\) ©o
e

~

Dynamics: i k41 = [A;,k - n(%(w) - cl)]Jr

+ Training (offline) = ' (X) ~ argmasx Vi (r) + > AiVi(r) %
TEP(S)

0
i=1

[
« Execution (online)
= Execute 7' (-|s, \x) for fixed horizon Tj, and use stochastic approximation of A-dynamics ="
1 Do
Aig1 = [ Xk =1 7 Z Tir —Ci p
=0 + @
[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] 40

2 ®
State-augmented CRL O 8 [

State space: M = {\} = 5" = (s,))

Dynamics:  Ais1 = [Aik = n(Vi(m) — i) ]

. \y

« ltis systematic: no ad hoc state augmentation °

» Accommodates online modifications of requirements: trained policy does not depend on ¢

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAG'23] 40

9.

B
State-augmented CRL & O. ‘ 8 [

. ¢
Theorem (Calvo-Fullana, Paternain, Chamon, Ribeiro’23) @
State-augmented CRL generates state-action sequences {(s:,a:)} that are almost surely feasible ®
o}
1 T-1 ® ¢
lim — Zn(s:,ag) >c¢; as., foralli,
T -
t=0
and near-optimal
o
T-1 I\
1 nB?
lim E | — >pr_ 12
szw S o
t=0
(]
mild conditions apply
[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] a1

Monitoring task

~

LY @

Policy learned for Policy learned for

A=[6.@.0,0] A=[0.6.5,0]

%@'

{Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23]

©‘
State-augmented CRL & O.

@ngp
<

State space: M = {A} = s = (s,\) ©o
, o ¢
Dynamics: A1 = [Aix —n(Vi(m) — cl)]Jr
5
« ltis systematic: no ad hoc state augmentation °
4
«
®
[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] 40

©‘
State-augmented CRL & O.

@np
<

State space: M = {A} = s = (s,))
Dynamics: A1 = [Aix —n(Vi(m) — )]

+

« ltis systematic: no ad hoc state augmentation °
+ Accommodates online modifications of requirements: trained policy does not depend on ¢

It works

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] 40

State-augmented CRL Ol

State space: M = {A} = s = (s,))
Dynamics: A1 = [Aik —n(Vi(m) — i)

« ltis systematic: no ad hoc state augmentation °
« Accommodates online modifications of requirements: trained policy does not depend on ¢

It works
= Does not find a policy = generates trajectories during execution that solve (P-CRL)

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAG'23] a2



Monitoring task

07— 7171

=@
o ]
i ]
ee
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®
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o«
N @@,
Monitoring task ) 8’ &
.
(o)
10— ®
- N O(
@ )
80 1 3
r B o
6| B g
L | ©
3
4 1 @
L 1 g
P(R3) > 0.1 P(R4) 2 0.05 ) *
2r b z .
1 | 1 1 1 1 1 | 1 ﬂ
00 2 4 6 8 10 .
Iteration (k) x10
«
®
[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] a4
o«
e 9,
Summary R A 5’ g
. ¢
« Constrained RL is a tool for decision making under requirements )
+ Constrained RL is hard...
+ ...but possible. How?
45
o«
e 9,
Summary AR 5’ g
.

« Constrained RL is a tool for decision making under requirements

CRL is a natural way of specifying complex behaviors that precludes fine tuning of rewards,
e.g., safety (Paternain et al, IEEE TAC23]

+ Constrained RL is hard...

Although strong duality holds for CRL (despite non-convexity),
that is not always enough to obtain feasible solutions = (P-RL) C (P-CRL)

+ ...but possible. How?

Monitoring task

0717717

T
L
Average occupation

| [ B =01 ) (B(R)>005 |

®
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. . : @ @‘.
Monitoring task Y. @ Eg [
L 2 .
(o)
(o)
W—_— ®
L i 8 OQ
st e 8 2
| 1 5
z
6 1 3
[ | °
2
4 1 8
| | 2
P(Rg) 2 0.1 | | P(Ri) 2005 £ .
2 - S Y
17}
[ 1 £
0 1 1 1 1 1 1 L 1 1 ﬂ
0 2 4 6 8 10
d
®
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«
@@,
Summary )
. ‘
(o)
« Constrained RL is a tool for decision making under requirements (&)
CRL is a natural way of specifying complex behaviors that precludes fine tuning of rewards, ®
e.g., safety (Paternain et al, IEEE TAC23] o

Constrained RL is hard... g

L ]
+ ...but possible. How? 1
®

"G @,
Summary e ® 8 [
L] .

« Constrained RL is a tool for decision making under requirements

CRL is a natural way of specifying complex behaviors that precludes fine tuning of rewards,
e.g., safety (Paternain et al, IEEE TAC23]

Constrained RL is hard...

Although strong duality holds for CRL (despite non-convexity),
that is not always enough to obtain feasible solutions = (P-RL) C (P-CRL)

...but possible. How?

When combined with a systematic state augmentation technique,
we can use policies that solve (P-RL) to solve (P-CRL)
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